The formalism of metric transition systems, as introduced by de Alfaro, Faella and Stoelinga, is convenient for modeling systems and properties with quantitative information, such as probabilities or time. For a number of applications however, one needs other distances than the point-wise (and possibly discounted) linear and branching distances introduced by de Alfaro et.al. for analyzing quantitative behavior.
Introduction
During the last decade, formal verification has seen a trend towards modeling and analyzing systems which contain quantitative information. This is motivated by applications in real-time systems, hybrid systems, embedded systems and others. Quantitative information can thus be a variety of things: probabilities, time, tank pressure, energy intake, etc.
A Fig. 1 . Three timed automata modeling a train crossing specification or it does not-then small perturbations in the system's parameters may invalidate the result. This means that, from a model checking point of view, small, perhaps unimportant, deviations in quantities are indistinguishable from larger ones which may be critical.
As an example, Fig. 1 shows three simple timed-automata models of a train crossing, each modeling that once the gates are closed, some time will pass before the train arrives. Now if the specification of the system is "The gates have to be closed 60 seconds before the train arrives", then model A does satisfy the specification, and models B and C do not. What this does not tell us, however, is that model C is dangerously far away from the specification, whereas model B only violates it slightly (and may be acceptable from a practical point of view).
In order to address the robustness problem, one approach is to replace the Boolean yes-no answers of standard verification with distances. That is, the Boolean co-domain of model checking is replaced by the non-negative real numbers. In this setting, the Boolean true corresponds to a distance of zero and false to the non-zero numbers, so that quantitative model checking can now tell us not only that a specification is violated, but also how much it is violated, or how far the system is from corresponding to its specification.
In our example, and depending on precisely how one wishes to measure distances, the distance from A to our specification is 0, whereas the distances from B and C to the specification may be 2 and 59, respectively. Note that the precise interpretation of distance values will be application-dependent; but in any case, it is clear that C is much further away from the specification than B is.
The distance-based approach to quantitative verification has been developed the furthest for probabilistic and stochastic systems, perhaps akin to the fact that for these systems, the need for a truly quantitative verification is felt the most urgent. Panangaden and Desharnais et.al. have worked with distances for Markov processes e.g. in [4, 16, 34, 37] , and van Breugel and Worrell et.al. have developed distances for probabilistic transition systems e.g. in [44, 45] . De Alfaro and Stoelinga et.al. have worked on distances between probabilistic systems and specifications in [13, 14] and other papers.
